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3.7 EUCLIDEAN AND NON-EUCLIDEAN APPLICATIONS. From our results 
about orthogonal matrices we may immediately deduce: 
THEOREM. The groups of isometries of elliptic spaces and spheres 1) 
of dimension n (n;;;.2, n~4) contain a free locally commutative subgroup 
of continuous rank. This group is sense-preserving, if the space is orientable 
(thus if the space is elliptic of odd dimension or a sphere). 
This theorem gives rise to the question: does there exist a free locally 
commutative group of isometries of rank :;;. 2 in Euclidean and hyper-
bolic space 1 
For the Euclidean plane the answer is negative [9], [5]. For Euclidean 
space of dimension :;;. 3 the question is unsolved 2 ), for hyperbolic space 
of dimension :;;. 2 the answer is affirmative: 
We consider the hyperbolic plane. Each point is represented by homo-
geneous coordinates (xv x2, x0). The conic K(xi+x~-x~=O) is fixed for 
each isometry. 
3.8 THEOREM. The isometries of hyperbolic plane, represented by the 
matrices 
[
l 0 0 ] [ch qJ ~ ( qJ) = 0 ch qJ sh qJ , rJ ( qJ) = 0 
. 0 sh qJ ch qJ sh qJ 
are free generators of a free locally commutative group if ch qJ is transcendental. 
Proof. We use the formulas 
ch mqJ= 2m-1 chm qJ+ ... , 
sh mqJ=sh qJ(2m-1 chm-1 qJ+ ... ), 
where m is a positive integer and after the +sign follow terms of lower 
degree in ch qJ. If in each matrix-element we only consider terms of 
1) An n-dimensional sphere is a point-set, situated in an (n + I)-dimensional 
Euclidean space, defined by xi + . . . + x~+l = I. 
2) Mr. J. MYCIELSKI (WrocJaw, Poland) informed me by letter, that he proved, 
that a free group of isometries of contable rank without fixed points (thus locally 
commutative) exists in three-dimensional Euclidean space. 
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highest degree in ch cp and moreover neglect the matrix -elements of 
lower degree (which we denote by a dot), ;ikrl (i, j = ± 1; k, l positive 
integers) obtains the form (Because of the neglects mentioned before, 
we write ~ in stead of = ) : 
By induction we find (neglecting a common factor of the matrix-
elements considered): 
Since ch cp is transcendental, this product is unequal to identity, from 
which it follows that ; and 'YJ are free generators. It may easily be verified 
that this group is locally commutative. 
Remark. This proof is essentially the same as the proof of theorem 3.1 
(see [4]). 
3.9 THEOREM. The group of isometries in hyperbolic space of dimension 
n > 2 contains a free locally commutative subgroup of continuous rank. 
Proof. The group which transforms the x0x1x2-plane (defined by 
x3 = x4 = ... = xn = 0) as in the preceding theorem and leaves fixed the points 
(0, 0, 0, x3 , .•• , xn), is a free group of rank 2. 
This group is locally commutative, since the added fixed points are 
outside the absolute. 
We find a system of continuously many free generators in the same 
way as in 3.5. 
4. Decompositions of Euclidean and non-Euclidean spaces 
Let S be one of the following spaces: 
l. elliptic space of dimension n > 2, n # 4, 
2. sphere of dimension n;;;.2, n#4, 
3. hyperbolic space of dimension n > 2, 
and T and N given sets of potency < c (i.e. the potency of the continuum). 
Then theorem 2.2.1, corollaries 2.10 and the results of the preceding 
section about the groups of isometries of S (3.7 and 3.9) yield: 
4.1 THEOREM. Let be given any weak system of equivalence relations 
between non-empty proper subsets of T of the form 
(4.1.1) 
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Then S may be decomposed into T mutually disjoint non-empty pieces 
A 1(t E T) satisfying the congruences 
(4.1.2) UAt~UAt. 
t£ Pv t£Qv 
Proof. In the preceding section it has been proved that the groups 
of isometries of S contain a free subgroup <P of rank c, locally commutative 
with respect to S (3.7, 3.9). Theorem 2.9 yields a subgroup P of <P of 
rank c, such that S contains c classes of non-fixed points. Applying 
theorem 2.2.1 we find that S may be decomposed into T mutually disjoint 
pieces A 1= f-1t (t E T) satisfying the congruences (4 . .!:_:2), where each 
congruence is effectuated by_ a free generator of P (If N < c we consider 
a subgroup of P of rank N). According to corollaries 2.10 the pieces 
can be made non-empty. 
If S is one of the following spaces: 
I. elliptic space of dimension n = 4q- 1 ( q = 1, 2, ... ) , 
2. sphere of dimension n;>2,n#4, 
and T and N are given sets of potency < c, we have: 
4.2 THEOREM. Let be given any system of equivalence relations between 
non-empty proper subsets ofT of the form (4.1.1). Then S may be decomposed 
into T mutually disjoint non-empty pieces A 1 (t E T) satisfying the con-
gruences (4.1.2). 
Proof. If S is an elliptic space or a sphere of dimension n = 4q- 1 
(q = 1, 2, ... ), the group of isometries of S contains a free subgroup without 
fixed points (see theorem 3.7 and collaries 3.6.1). So this theorem follows 
from theorem 2.2.2. 
If Sis a sphere of dimension n;>2, n#4 the theorem may be proved 
as follows: 
We divide the non-empty proper subsets of T into two "camps" I 
and II, such that P E I --+ P E II. 
Suppose {q;.}.eN is a system of free generators of a locally commutative 
group of sense-preserving isometries in S (see 3.7). 
w denotes the inversion in the centre of the sphere. We define a 
system {V'.}HN as follows 
1p.= q;., if P. and Q. belong to the same camp, 
'~~'• = wq;., if P. and Q. belong to different camps. 
Then according to theorem 2.2.2 the conditions 
may be satisfied, by which the theorem is proved (see also [3], where 
this theorem is proved for the two-sphere 8 2). 
107 
REMARKS. This theorem does not hold in elliptic spaces of even 
dimension, since every isometry has a fixed point. The question is un-
solved for elliptic spaces of dimension n=4q+ 1 (q= 1, 2, ... ) (cfr 3.6 
problem 2) and for hyperbolic spaces of dimension n;;;.2. 
4.3 SuRVEY. Free locally commutative groups of isometries of rank 
n (2.;;:n.;;:c) exist in the following cases; (cfr. 3.7 and 3.9): (according to 
theorem 2.2.1 coinciding with:) 
Every weak decomposition is possible in the following cases (cfr. 4.1 
and 2.3.2): (notation: yes +, no -, unsolved 1) 
Dimension 1 2 3 4 5 etc. 
Hyperbolic space + + + + 
Euclidean space 
Elliptic space + + + 
Sphere + + + 
Every strong decomposition is possible in the following cases (cfr. 4.2): 
Dimension 1 2 3 4 5 etc. 
Hyperbolic space 1 
Euclidean space 1 
Elliptic space + see below. 
Sphere + + 1 + 
Elliptic space of dimension n > 2 : 
n even :-, n = 4q -1 : + , n = 4q + 1 : 1 (q= 1, 2, ... ). 
